Introduction
To develop novel materials such as graphene sheets and carbon nanotubes (CNTs) too many studies are in progress in this modern field of research [1] . The singlelayer graphene sheet (SLGS) is comprised of a monolayer of carbon atoms arranged periodically and uniformly in a hexagonal honeycomb mode. The hexagonal nanostructure of SLGS with the high strength of the carbon-carbon covalent bond creates a strong material, two hundred times harder than steel [2] .
SLGS shows several desirable physical properties, such as small size, low density, high strength and excellent electrical and thermal properties. These exceptional mechanical and physical properties along with recent advances in synthesis methods and their purification make graphene sheet becomes an excellent candidate for use in composite reinforcement. To find out the potential of SLGS as reinforcement in composite materials, a proper understanding of their mechanical properties is essential. Since the experimental measurement of mechanical properties of graphene-based materials is a troublesome task, there are a few distinctive reported works in the literature. For example, Lee et al. [2] obtained Young's modulus of 1 TPa for monolayer defect-free graphene, by nanoindentation using an atomic force microscope. Frank et al. [3] measured Young's modulus of suspended graphene sheets equal to 0.5 TPa.
Theoretical studies on the effective properties of SLGSs are essentially based on two different approaches: the continuum mechanics approach and atomistic modeling methods [4] [5] [6] [7] [8] [9] . Atomistic modeling is computationally intensive, hence the application is limited to small numbers of atoms. On the other hand, substitution of a network molecular structure with a continuum media was a challenging task.
Lu et al. [4] proposed a new formula for elastic flexural modulus of single-layer graphene sheet based on an empirical potential for carbon atoms in the solid state. Tsai and Tu [5] estimated the mechanical properties of graphite in the forms of single graphene layer and graphite flakes using molecular dynamics (MD) simulation. Sakhaee-Pour [6] proposed a beam based atomistic simulation method to compute the elastic characteristics of defect-free SLGS. Scarpa et al. [7] used beam type models to describe the in-plane linear elastic properties of SLGSs. Georgantzinos et al. [8] studied single-and multi-layer graphene structures using structural mechanics atomistic modeling with spring-like finite elements. Mir at al. [9] established, a nanoscale analytical continuum theory for determination of stiffness and Young's modulus of carbon nanotubes. They observed no diameter dependence for Young's modulus of CNTs. They obtained the value of Young's modulus of CNT as 1.42 TPa and 1.30 TPa for zigzag and armchair CNTs, respectively. This paper studies the effective mechanical properties of single-layered graphene sheets by analytical asymptotic homogenization method which is focused on the linear elasticity. Because of heavy atomistic simulation on the nanostructures, many researchers have been interested in the connection between nano/microstructures and the classical continuum mechanics. This paper is also in this category. Grafting the asymptotic homogenization approach onto the single-layered graphene sheets problem is a new try. The merit of using asymptotic homogenization model is that single-layered graphene sheet as a periodic nanostructure could be modeled by asymptotic homogenization method with low computational cost regardless of dimensions of the model. The approach is an analytical one and makes use of asymptotic homogenization techniques and goes around atomistic simulations to develop constitutive relations for predicting the effective elastic properties of the single-layer graphene sheet. These effective properties are estimated from the solution of the proper local problem on the unit cell.
Here we employ both interatomic interactions based on bond stretching and bond bending forces in the asymptotic homogenization model. The influence of force field constants on the elastic properties of SLGSs and the importance of choosing them for C-C bonds are examined in three different types of models which are purposed for atomic potentials. It is found that the force field constants significantly affect the effective elastic properties and rigidities of the graphene sheet.
Asymptotic homogenization method (AHM)

A brief review of asymptotic homogenization
The most capable, viable and graceful technique for linking the macroscopic fields in periodic nanofield models is based on a mathematical theoretical account referred to as asymptotic homogenization, asymptotic expansion homogenization, or homogenization theory. In mathematics, we have a limitation in applying the theory of homogenization which uses the asymptotic expansion and assumes periodicity. Up to now, Kalamkarov et al. [10, 11] and some other researchers [12, 13] have used homogenization techniques to derive effective elastic, piezoelectric and thermal expansion coefficients in materials.
Here, from a nano-mechanical point of view, we assume that the covalent bond between carbon atoms can be represented by reinforcements. The discrete periodic arrangements of the SLGS which is modeled by a honeycomb network sheet with a hexagonal unit cell structure convinces us to use asymptotic homogenization method. The sheet, in turn, can be used as a thin homogeneous layer of reinforced composite with matrix around the circumference of the reinforcements (Fig. 1) . The reinforcements (covalent bonds) are much stronger than their matrix, so the circumference of the reinforcements is discounted in the analysis. It means that the surrounding matrix is modeled by assuming zero stiffness. Fig. 1 A model of a discrete periodic lattice structure of SLGS with the equilateral hexagonal unit cell.
Governing equations of the asymptotic homogenization for composite structure
A heterogeneous composite structure is said to have a regular periodicity while a composite tissued by reinforcements that arranged in a particular kind with a periodically repeating cell Υ (Fig. 2) . In the theory of homogenization, in comparison to the dimensions of the overall domain, Υ is assumed to be quite little. In the asymptotic homogenization method double scales for studying of all quantities are considered: one on the global level x and the other on the local level y which are so-called slow and fast variables, respectively. A small parameter  defines the ratio of the real length of a unit vector The governing equation, in the form of equilibrium equation in the absence of body forces is [14] :
where:
with:
where in the above equations ijkl C is the tensor of elastic coefficients and i u is the component of displacement field. As a result, if
is a general function then according to rules of differentiation we have:
The displacement and stress fields are expanded using the scale asymptotic expansion in terms of the small parameter  as: (2), with equating the terms with the zero power of  we get: 
is a function that is periodic in y and satisfies:
and ( 1 Υ f f y , y , y dy dy dy ,   (9) and the following result is achieved:
where: ijkl C 's are the effective elastic coefficients. The effective elastic coefficients are found when the unit cell problem in (8) is solved and the functions kl m  are determined [10, 11] . Now, a general macroscopically composite structure with a number of components as reinforcements is assumed. The effective elastic coefficients for composite structures with several groups of reinforcements are calculated by using the principle of superposition [10, 11] . Each reinforcement or bar is oriented with its local orthogonal coordinates 
From interfacial continuity conditions that exist between the matrix and the reinforcements, both conditions for the function 
Asymptotic homogenization for a SLGS
As mentioned earlier since SLGS can be considered as a thin homogeneous layer of the matrix in the hole, here we assume the matrix is "soft" and take
Bm  . Covalent bonds between carbon atoms can be represented by reinforcements, where the fibers are much stiffer than matrix in the graphene sheet, so in the simplest model for SLGS, the condition becomes
r  . Finally, from Eq. (8) with continuity conditions, the problem that must be solved for a single isotropic bar becomes:
Supposing the length, the cross-sectional area of the reinforcement and volume of the unit cell are L, A and V, respectively, then the effective elastic homogenized coefficients which are obtained through integration of kl ij B over the volume of the entire unit cell are:
where f V is the volume fraction of the reinforcement in the unit cell. The effective coefficients of SLGS with several groups of bars can be represented by:
Therefore, in general homogenization of SLGS model the constitutive relations of the equivalent anisotropic homogeneous shell are given as: where kr and kθ are the bond stretching and bond bending stiffness, respectively, while ∆r and ∆θ represent bond stretching incrementation and bond angle variation, respectively [15] . The a elements simulate the stretching with stiffness It should be noted that to simplify the model and make it more manageable, bending stiffness kθ is replaced by a spring directly connected the opposite atoms with stiffness kb which is obtained by equalizing both energies of the straight and the torsion springs (Fig. 5) . Giannopoulos et al. [15] and  , respectively. It is assumed that the close carbon atoms are joined by a bar of the circular cross-section of diameter  (Fig. 4) . As shown in Fig. 4 this diameter  could be assigned to the thickness of the hexagonal unit cell, it means that t   where t is the thickness of the monolayer graphene sheet. 
The results relevant to an armchair or zigzag direction in the unit cell can be obtained by interchanging indices 1 for 2 in Eq. (20) (Fig. 4) . The elastic properties of homogenized SLGSs are gained from Eq. (20) . It is noteworthy to highlight that in this work we employ both interatomic interactions due to bond stretching and bond bending forces and their stiffnesses kr and kθ are applied in asymptotic homogenization model.
Results and discussion
To check the accuracy of the present asymptotic homogenization technique, some numerical results are presented for elastic properties of SLGSs. It should be pointed out that a carbon nanotube with a large diameter and high aspect ratio acts locally such as graphene. Therefore, if we ignore the effect of the curvature of CNTs, their unit cell problem will be comparable. Therefore, we could use similar models in which carbon nanotubes have been used in them. The plane stress constitutive relation from Eq. (15) for an orthotropic problem such as the graphene layer structures can be written as: 
where: Sij's are the compliance coefficients, which are related to the engineering elastic constants. To obtain four independent compliance elements in the matrix, first, the values of Cij are determined by homogenization method. Then, the elastic modulus in the 
Effects of force field constants on elastic properties of SLGS
In this paper, a term U is also added to consider the bond energy due to angle variation of bond bending ∆θ, which was neglected in earlier studies for homogenization model of CNT [14] . However, this term may play a more important role in mechanical properties of SLGS. Eqs. (20)- (23) Table 2 shows the values of the stiffness coefficients of the matrix [C] with respect to the force field constants. It is shown that the force field constants r k and k  perform a significant role in the mechanical properties of SLGS. It is seen that the stiffness coefficients depend on force field constants. The results presented in Table 2 are compared with those obtained by Tsai and Tu [5] from MD simulation and are in close agreements with them. It is seen that 12 21 0 333 .
 
. Also from Tables 1 and 2 , it can be remarked that the effective properties of the structure in both 1  and 2  directions are the same (i.e., 11 22 EE  and 12 21 GG  ) and, therefore, a SLGS can be treated as a transversely isotropic material [19] . 
From the obtained results the bending rigidity 11 11
M/
 and twisting rigidity 12 12 M/  can be defined in terms of the bending stiffness matrix [D] . These rigidities are presented for single-layered graphene sheet as shown in Table 3 . In this table, the present results are compared with those reported in the literature. [15, 17] . The values of E11 and G12, which are obtained for a single-layer graphene sheet are sensitive to varying wall thickness. It is shown in Figs. 6 and 7 that increase in wall thickness of the sheet results in a decrease of the elastic modulus. We know that in general, the thickness of a graphene sheet is considered as the distance between two adjacent graphene sheets in multilayered graphene sheets. However, a review of the literature shows that different researchers have reported different values for Young's modulus of nanotubes or the graphene sheet and their thicknesses. Therefore, the obtained Young's modulus in the literature is not comparable. Further calculations are done from different sources; all of the numerical value of Et is close. We intend to look at the reason for this discrepancy here.
In some cases, it does not need to know E. However, if it is necessary to calculate the exact amount of E the estimated t is desired. Thus, the value of Et can be used as a new parameter based on which the mechanical properties of different nanotubes or the graphene sheets can be compared. Now, if Et is divided by a thickness equal to the thickness of a graphene monolayer which is assumed (i.e. 0.34 nm), the final values are about the same for all studied cases which are around 1 TPa. This procedure is shown in Table 4 . This table summarizes and normalizes the results obtained and compares them with available results in the literature. There is not a sensible difference between the present results and those available in the literature. Such trends are in good agreement with predictions made by Scarpa et al. [7] and Georgantzinos et al. [8] . Thus, the obtained results from a viable analytical asymptotic homogenization model are reasonable, because of that, it could be applied to the other nanostructures. Fig. 6 Elastic modulus of SLGS to the wall thickness [14] 0.14 0.33 0.32 1.71 0.74 Fig. 7 The shear modulus of SLGS to the wall thickness
Conclusions
The main goal of present study is to analytically obtain the tension, bending and twisting rigidities of graphene sheet from asymptotic homogenization model. Also, Young's modulus, shear modulus and Poisson's ratio are calculated as well as rigidities of a homogenized model of SLGS. The homogenized model of SLGS consists of a honeycomb network sheet with the hexagonal unit cell, so from the analytical solution of the proper local problem in the unit cell, the effective properties of SLGS are determined. The derived formulae make easy understanding of the dependencies of SLGS mechanical properties to thickness and force field constants. It is found that the choice of covalent bond stiffnesses which are applied for stretching and bending of C-C bonds, significantly affect elastic properties of the SLGS. The predictions obtained by this model for SLGS are compared with previous theoretical and experimental results available in the literature. It is shown that the present asymptotic homogenization model not only can predict elastic properties and rigidities for SLGS but also this model can remove the difficulty of applying both stretching and bending of C-C bonds in FE models and MD simulations. Finally, the proposed analytical method is straightforward for modeling other nanostructures with periodic structures.
